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Abstract

Range sensos tendto frustrate estimatos relyingupon
linearizationtechniques. Sud approximationsoftenlead
to filter divergence asdemonstatedin [1, 2]. To address
theseshortcomingsye offer a new approac to range-only
simultaneousocalizationand mapping(SLAM)for usein
robotaugmentedvirelesssensometworks.Our approach
findsits rootsin robustestimationemployingan unknown-
but-boundederror modelfor range measuements. How-
ever, it alsoleveragesrecentadvancesn corvex optimiza-
tion theoryto provide a framevork suitablefor real-time
systems. It offers several advantayes over alternate ap-
proaches,to include corvemgenceand performanceguar-
anteesas well as resistanceo certain measuementout-
liers.

In this paper we first extendour previousresultsin co-
openative localization[3] to the range-only SLAM prob-
lemthroughsemidefinitgrogrammingechniques Wethen
demonstate localization performancein the presenceof
multi-path and signal attenuationerrors associatedwith
WSNrange sensos. Lastly, weinvestigatecorvex approxi-
mationtechniquesfor improving localizationperformance
Samplesimulationsare providedto supportall results.

1 Introduction

Recentadwancesin sensors,embeddeddevices, and
wireless communicationtechnologieshave corverged to
enabledistributed micro-sensinghrough wirelesssensor
networks (WSN). In aWSN, eachnodeis capableof sens-
ing phenomena;ollectingandprocessinglata,andreport-
ing/routingthesedatabackto adatasink thatin turnrelays
it to amanagenodevia inter-networks([4, 5, 6].

In orderfor a WSN to provide meaningfulinformation
regardingits ervironment,nodepositionsmustbe well lo-
calized. This is typically accomplishedria relative range
measurementsollectedat eachnode. To facilitatethe lo-

calization process,the WSN should be fully connected.

Furthermore eachnodeshouldhave a minimum connec-
tivity degreeof threeor four (allowing for direct positions
estimates)with nodeconnectvity beingassociatie. Such
simplifying assumption®ften appearin roboticsandnet-

working researchiterature.Unfortunatelythey donotsur
vive thetestsof reality. Sensomnodeswill bedistributedin
a somavhat haphazardashion. Connectvity will be lim-
ited to within clusterislandsof varyingsizes.The connec-
tivity for agivennodecouldbe 1 or 2 neighborsandneed
notbeassociatie - makingthepositionestimatiorproblem
significantlymorecomplex.

The solution then is to introducedynamic capabilities
into the network. Mobile robotsprovide sucha medium.
Eachcanbeviewedasnothingmorethananoversizedsen-
sor node, but with significantly greatercomputationake-
sourcesanaugmentesensorsuite,andthe additionalde-
greesof freedomaffordedby mobility. By exploiting these,
an augmentedWWVSN can achiere otherwiseunobtainable
levelsof robustnessandperformance.

The main contribution of this paperis a new approach
for solvingtherange-onlySLAM problem wherebyateam
of mobilerobotssimultaneougstimateheir own positions
aswell asthe positionsof WSN nodes.Conceptuallythe
ideais thatrangemeasurementmduceconstrainton the
configuratiorspaceof the WSN. Merging theseconstraints
inducesa feasibleseton the configurationspacethat rep-
resentghe setof nodepositionsconsistenwith all avail-
ablesensomeasurementg&stimatedor theuncertaintyin
theabsolutepositionof a singlerobot, or therelative posi-
tions of two or more nodescan be obtainedby projecting
thisfeasiblesetontoappropriatelychosersubspacesf the
configurationspace.

This schemeoffersseveraladvantage®ver alternateap-
proachesRangemeasurementsanbe modeledexactly by
ellipsoidal constraints. As such,it is not subjectto fail-
uresin corvergenceassociateavith techniquedasedipon
linearization. It alsoprovidesperformanceguaranteesAt
eachtime-step,we maintainan uncertaintyregion for the
position of eachnodethatis conditionedon all available
sensomeasurementsThis uncertaintyregion is guaran-
teedto containthetrue nodeposition.

2 Related Work

In our approachrobotsmustestimatetheir own position
while simultaneouslyocalizing WSN nodeclusters. This



is known asthe SLAM problemwithin the roboticscom-
munity. SLAM hasbeenwell studiedusingsensorsuchas
laserrange-findersand sonararraysthat candirectly esti-
matethe positionsof featuresn the ervironment[7, 8, 9].
Unfortunatelyin our network model, suchmeasurements
areunavailable. With only relative rangeinformation, the
resulting unobserability makes range-onlySLAM more
difficult, andnot surprisinglylessstudied.

An extendedKalman Filter (EKF) basedapproachfor
range-onlySLAM wasexaminedin [1]. Dueto lineariza-
tion errors thefilter would divergeif beacorpositionswvere
not known a priori to someerrortolerance Anotherrecent
approactexaminedrange-onlymeasuremenfer underva-
ter SLAM [2]. The problemwasmodeledasa non-linear
least-squareproblem. However, the non-linearproblem
was solved via repeatedsolutionsto a linearizedsystem.
As a result, this approachalsofailed to corverge without
reasonablénitial estimate®f beacorpositions.Theclear
adwantageof our methodis thatit will corverge with no
prior informationasrangemeasurementsanbe modeled
exactly throughquadraticconstraints.

In contrastto Bayesianmethods,our SLAM approach
generatesincertaintyregions that are guaranteedo con-
tainthetruenodepositionsby employing anunknown-but-
boundederror modelfor sensomoise. Sucherror models
are usedextensiely in robust estimation. Early foraysin
this field datebackto work by Bertsekas& Rhodes[10]
andSchweppg¢l1]. However, mostrelatedto ourapproach
is morerecentwork by Doherty& El Ghaoui[12]. In this,
a similar methodrelying uponlinearandsemidefiniteoro-
gramming(SDP)techniquesvas usedto estimatethe po-
sitions of nodesin a wirelessnetwork from sensormea-
surementsvhenthe positionsof someof the nodeswere
known a priori. This wasaccomplishedy boundingthe
feasiblesetwith a rectangle.Suchan approachcanyield
an arbitrarily bad estimateof the uncertaintyregion. Our
previous work built uponthis by offering a methodto re-
coverthetrueuncertaintyregion arbitrarily well. Addition-
ally, throughthe useof inside-outsideapproximatiortech-
niques,we proveda cornvergencebound[3]. In this paper
we applytheseresultsto arange-onlySLAM taskby gener
alizing to corvex constraintsaandincorporatinga dynamic
model. We alsoinvestigatehe performancémpactof mea-
suremenbutliersandintegratingnoncotrvex constraintsis-
ing convex approximatiortechniques.

Finally, range-basedocalization stratgies have also
beenproposedsimultaneouslyvithin the networking com-
munity [13, 14]. However, theseresultsaretypically appli-
cableto staticallyemplacedetworks. As such they cannot
overcome'degeneratetonfigurationsvherenodeconnec-
tivity prohibitsclosedform solutions.

Figure 1: A set of robot or sensornodeslocatedin a 2D
workspace.The edgeshetweernthe nodesindicateavailable sen-
sormeasurementshatis anedgebetweemodes andj indicates
thatroboti canmeasurehe rangeandor bearingto nodej from
its currentposition.

3 TheLocalization Approach

The basic elementsof the localization framework are
diagrammedn Figure 1. Here a setof robotsor sensor
nodesequippedwith rangesensorsoperateon the plane.
The edgesin the figure indicate available relatve mea-
surementsthat is an edgebetweennodes: and j indi-
catesthat robot i can measurethe rangeand or bearing
to nodej from its currentposition. Note that the edges
in this graphwill, in general,be directed. LetC ¢ R?"
denotethe configurationspaceof our robot team. Let
X = (171 Y1 T2 Y2 Tn y,n,) € C denotethe
currentconfigurationof the ensemble Note thatx is sim-
ply the concatenatiorof the coordinatesof the n robots.
Note alsothat we are purposelyvagueaboutthe frame of
referenceto which thesecoordinatesareto be measured.
Dependingon what parametersve aretrying to estimate,
variouschoiceswill bemoreor lesscorvenient.Hencewe
deferthis decisionuntil the parameteestimationphaseln
this framework, we assumehatwe canboundthe errorin
the rangemeasurementsEachsuchmeasuremeris then
viewedasa constrainion the possiblevaluesof the config-
urationvectorx.

In previousresearch3] we notedthatif therobotswere
ableto measuréheir orientationwith respecto acommon
frame of referencesaythroughthe useof a compassthe
bearingandrangemeasuremeniaducea setof linearcon-
straintson the robots configurationx. By concatenating
theseconstraintswe obtaina systemof linearinequalities
of theform AZ < b, whereA € R (™) representshe
sensorconstraintsimplicitly, thematrix A inducesapoly-
topeP C C on the configurationspaceof the formation
which correspondso the setof all configurationsconsis-
tentwith thesensomeasurements.

Onceasetof constrainthasbeenderivedfrom theavail-
ablemeasurementsye canproceedo considerthe prob-
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Figure2: A polytopeP in R® andits R? projection? (shaded
polygon).P canbe approximatedy solvingmultiple linearpro-
grammingproblems- eachyielding an extremepoint z* on the
polytopeandits supportinghyperplane The projectionsof these
correspondo half-spacesn R2. Intersectingthesegenerates
boundingapproximatiorP* to thetrue projection.

lem of gaugingthe positionsof the robotswith respecto
eachother Considerfor exampletheproblemof estimating
therelative positionof node; with respecto nodei repre-
sentedby the displacemenvectorv;;. This vectorcanbe
expressedsa linearfunctionof the configuratiorvectorx
asfollows: v;; = (P; — P;)x, whereP,, € R**?" denotes
thesparserojectionmatrix thatextractsthe coordinate ®f
nodem from the configurationvectorx in R?”. Hence,
we canview the problemof boundingthis vectorasoneof
gaugingthe projectionof the setof feasibleconfigurations
onto the 2D subspaceorrespondingo the displacement
Vij-

We canboundthe uncertaintyin this displacementec-
tor by choosingsearchdirectionsparallelto the subspace
of interestandboundingthe extentof thefeasibleregionin
thosedirections.Thisamountgo finding boundsor objec-
tive functionsof the form shavn in Equationl giventhe
constraintglerivedfrom themeasurements.

(cos@ sin 9)Tvij = (cosb sin@)T (P —P)x (1)

Figure 2 depictsthe situationwhen the constraintsare
all linearand,therefore corvex. Figure3 depictsthemore
generalsituationwherethe feasibleregion andits projec-
tion neednot be corvex or evenconnectedIn eithercase,
the goal of the localizationschemds to producea corvex
polyhedralapproximationwhich boundsthe projectionof
all feasibleconfigurationsaind,hencepoundsthedisplace-
mentvector

In thecasewhereall the constraintsarecorvex, we have
describeda procedurefor selectingthe searchdirections
in a mannerwhich guaranteeshat the disparity between

Yi-Yi

Xj- Xi

Figure3: A corvex approximatiorfor thefeasiblesetof displace-
ments(thedarkregion) canbeobtainedby boundingtheits extent
alongvarioussearchdirections. The intersectionof the resulting
half planesdefinesa convex polytope(thelight grayarea)which,
by constructiongncloseshefeasibleset.

our corvex approximationandthe actualprojectionof the
feasibleregion diminishesat the rate of S% wheres corre-
sponddo thenumberof searctdirectionsusedto boundthe
approximationInterestinglythis corvergenceboundis in-
dependenofthenumberof constrints(see3] for details).
In the generalcasewherethe setof feasibleconfigurations
is not cornvex, a convex approximationof its projectionis
readily constructedyy simply choosinga setof uniformly
spacedsearchdirections.

3.1 Modeling Range Constraints

Figure 4 depictsthe annulusof feasibleconfigurations
inducedby rangeconstrainton therangebetweemodesi
andj. The constraintanducedby a boundederror range
measurementan be expressedjuite simply [12] in terms
of the configurationvectorx. Herewe againnotethatthe
vectordisplacemenbetweemodes; andj, v;; canbe ex-
pressedsallinearfunctionof theglobalconfiguratiorvec-
torx. i.e. v;; = (Pj — P)x. If rj; andr;; respectiely
denotethe upperandlower boundson the rangemeasure-
ment,we canderive two quadraticconstraintsasfollows:

r)? @)
(r7)* )

Notethatthe upperboundconstraintshovn in Equation
2 is a corvex function of x while the lower bound con-
straintin Equation3 is concare. The former canbe inte-
grateddirectly into our localizationframework [3] by re-
placingthe linear programmingproblemwith a moregen-
eralizedsemidefiniteprogram. Exploiting the latter con-
straintis lesstrivial. However, in [15] we obsened that

Tvig =% (Py — P) (P — Py)x

vivi <
vijvig =x" (P — P)T(Pj — P)x >



Figure4: Rangemeasurementwith boundederror constrainthe
distancebetweertwo nodes andj.

convex relaxationsexiststhatcould provide usefulbounds
onthefeasiblesolutions.This relaxationessentiallycorre-
spondsto tackling the Lagrangiandual of the original op-
timization problem. Thesecorvex relaxationscanalsobe
formulatedassemidefinitegprogramswhich meanghatwe
canstill take advantageof the efficient solution schemes
developedfor this classof problems.

3.2 Extending to Dynamic Operations

The motivation for range-onlySLAM is the unobserv-
ability of sensormositionsfrom a limited numberof mea-
surements.In an attemptto provide intuition into the ap-
proach,considerthe examplein Figure5 in which arobot
(blue triangle) attemptgo localize the positionof a single
sensomode. With oneobsenation (usingthe corvex con-
straint),thenodepositionis only constrainedo lie within a
circularuncertaintyregion (a). Whenthe distancebetween
therobotandsensonodeis large,suchanestimatey itself
provideslittle informationfor approximatinghenodespo-
sition. However, let us assumethat the robot moves (for
now) without motion errorandrecevesa nenv rangemea-
surement. A new constraintsetwhich implicitly bounds
the nodes position can then be formed by meming the
posteriorposition estimatewith this nev sensomeasure-
ment(b). Recareringthe projectionestimateattime k& + 1
thenprovidesa refinedboundson the nodes position. The
procesghenrecursvely iteratesgventuallyyielding useful
boundsfor the positionof the sensomode.

Now considerthe more realistic casewhererobot po-
sition estimatesare also subjectto deadreckoning errors.
If theseerrorscanbe boundedacrossa single time step,
the correspondingincertaintycanalsobe modeledby a fi-
nite setof corvex constraintsthat relatethe robot’s posi-
tion z;, with its future positionattime z ;. Thesemotion
constraintsanthenbe memgedwith the posteriorandnew
rangemeasurement® refine the projectionestimatedor
both the robot and sensomodesover time. Whatis com-
pellingaboutsuchanapproachs thatthenew positionesti-
matesaresimultaneouslgonditionedon the uncertaintyin

(a) (b)

Figure5: Localizationof a sensomodeacrosstwo time steps.
Boundson robotmotion error allows the uncertaintyin nodepo-
sitionto berefinedover time.

prior estimatestobotmotion,andcurrentsensorestimates.
For amoreformal treatmenf the filtering algorithm,the
readeris referredto [15].

4 Experimental Results

To characterizéheperformancef our SLAM approach,
severalflavorsof simulationswvereconductedusingpurely
convex constraints,using corvex constraintsin the pres-
enceof measuremenutliers,and using both corvex and
noncorvex constraintsin each,asinglerobotwaschaged
with estimatingits own positionwhile simultaneouslyo-
calizing a setof WSN nodesrandomlydistributed on the
plane.To accomplistthis, the robotexploredthe WSN by
makinga figure-eighttrajectoryoncethroughthe erviron-
ment.Deadreckoningerrorbounddor eachtime stepwere
basedupona velocity errordv = +0.05v andheadinger
ror df = +5°. Theseweremodeledby a setof four linear
constraints Filter measuremenipdatesoccurredat a rate
of 1 Hz

4.1 Range-only SLAM Using Convex Constraints

In the initial experiments,our objectve wasto demon-
stratethe viability of range-onlySLAM usingsolely con-
vex constraints.Rangeerrorswere generatedrom a uni-
form distribution with a magnitudeof +0.2 timesthetrue
range,and projection estimategcorrespondingo uncer
tainty regions in node positions) were approximatedby
consideringl2 searchdirectionson the plane.

A representatie trial is shovn at Figure 6, andreflects
theevolution of the uncertaintyregionsover time. Theini-
tial robot/WSNpose(a) alsoreflectstheavailablemeasure-
mentlinks betweersensomodes.The low degreeof con-
nectvity preventsa closedform solutionfor estimatinghe
nodepositions.However, overtime the uncertaintyregions
developastherobotexploresthe ervironment(b-c). After
a single exploratory loop (d), the uncertaintyregions are
well definedandarecapableof providing reasonablg@oint
estimategor nodepositions.

While theseresultsare strongly tied to the simulation
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Figure6: A simulationtrial shaving the initial network configu-
ration (a), andthe evolution of SLAM estimatesver time (b-d).
Polyhedraboundthe uncertaintyregions guaranteedo contain
the robot/nodepositions. Actual nodepositionsare denotedby
circles,andthe polyhedracentroidsby stars.

parametersthey clearly demonstrate¢he ability of our ap-
proachto provide usefulpositionestimatesaswell asquan-
tifying the degreeof uncertaintyassociateavith eachesti-
mate.

4.2 Convergencein thePresence of M easurement
Outliers

To demonstrateornvergencen the presencef outliers,
simulation trials were also conductedwhere range mea-
surementssuffered from the effects of signal attenuation
andmulti-patherrors.Eachmeasurementvaschoserasan
outlierwith aprobabilityof 0.25. Thosesodesignatedvere
ovetestimatedy 50-100%(astakenfrom a uniform distri-
bution). Unmodelederrorsof this magnitudehave signifi-
cantimpactson traditionalfilter estimatesandpotentially
leadto filter divergence.In our approachsuchoutliersare
accommodatedracefully

A total of 10 simulationswere conductedwvherea sin-
gle robot was chaged with estimatingits own position
while simultaneouslyocalizing a setof 6-12 WSN nodes
randomly placed on the plane. In addition to outliers,
rangemeasurementserecorruptedwith randomerrorsof
+0.2 timesthe actualrange. Projectionestimatedor the
robot/nodesvere constructedby considering8-12 search
directionsin theplane.

As expected,no instancesof filter divergencewere ob-
senedduringthesetrials. Sinceeachmeasuremenipdate
in the SLAM filter is effectively a setintersection,such
outliers cannotadwersely affect the currentposition esti-
mates. Instead they cancausethefilter to corverge more
slowly. In anattemptto quantify this, eachsimulationwas

run with andwithout measurementutliers. A representa-
tive trial from theseis shavn at Figure 7. The neteffect of
theoutlierswasto increasehemeanareaof theuncertainty
regionsby 10%overthe courseof simulations.

It mustbementionedhatwhile our approactofferspro-
tectionagainstbutlierswhich overestimateangemeasure-
ments,unmodeledunderestimatesould resultin filter di-
vergence.In the presencef suchoutliers,additionaltests
for robustnessuchaschi-squaredechniquedor individ-
ual measurementejection,or a RANSAC basedapproach
for modelrejection[16] would needto beincorporated.
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Figure7: A simulationtrial shaving SLAM performancewith
(dottedines)andwithout(solidlines)measuremergutliers. Out-
liersfailedto causdilter divergence put resultedon averagein an
11%increasan the sizeof theuncertaintyregions.

4.3 Integrating Non-convex Constraints

In the final simulationphase,we attemptedto empiri-
cally quantify the effects of incorporatingnoncorvex con-
straintson SLAM performance For purposef compari-
son,eachtrial wasrun usingpurely corvex aswell ascon-
vex andnon-corvex rangeconstraintscombined. Further
more, threedifferentboundson rangeerrorswere exam-
ined: dr = 0.01, 0.10, and0.20 timesthe actualrange.

A total of 30 trials wereconductedwith additionalpa-
rametersconsistentwith thoseusedin previous simula-
tions. To comparethe resultsquantitatvely, we computed
the areasof the projectionapproximationseturnedby the
procedurdor eachsetof simulationparametersThesear
easprovide an indicationof how effective the constraints
are at narroving down the set of feasibleconfigurations.
Largerareascorrespondo greatemuncertainty A represen-
tative trial for dr=0.01is shavn at Figure8. A summary
analysiss providedat Table1.

While preliminary theseresultsimply that significant
performanceamprovementsfrom approximatingthe non-
cornvex constraintswill only be seenfor small rangeer
ror bounds. This contrastswith our previous findingsin
static localization performance,where improvementsof
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Figure8: SimulationresultscontrastingSLAM performancaus-
ing purely corvex (solid lines) and both convex and noncomwex
constraintgdottedlines). In this trial, the meanprojectionarea
wasreducediy 12%in thelattercase

30% werethe norm[15]. However, in thesetrials two or
more nodepositionswereassumedknown a priori. Such
an assumptioris invalid for the SLAM problem. In hind-

Error Bound || Area(Convex/Nonconvex)
dr=0.01 1121
dr=0.10 1.020
dr=0.20 1.002

Tablel: Theimpactintegratingnoncomex constraintsFor these
simulations,a significantimprovementin performancavasonly
seenin the caseof smallrangeerrors.

sight,theseresultsarenot completelyunexpected As min-

imumrangeconstraint@arecompletelyconcae,corvex ap-

proximationsof thesecanprovide noinitial improvements
in localizationperformancelt is only whentheuncertainty
regionsfor the nodepositionsbegin to form thattheinter-

sectionof the correspondindinear constraintsetswith the
concae constraintcanbenefitfrom a corvex approxima-
tion. Unfortunately by this time uncertaintyin therobot'’s

positionhasaccumulatedndtempergheir utility.

Again, we emphasizethat thesefindings are prelimi-
nary andextremelydependentiponthe simulationparam-
eterschosen. We will continueto investigatethis topic
more thoroughlyin the nearfuture. At this point how-
ever, it appearshattheadditionalcomputationatesources
expendedin integrating non-corvex constraintswould be
more wisely spentby refining the corvex projectionesti-
mateswith additionalsearches.

5 Discussion and Conclusions

In this paper we extendedour resultsin cooperatre
multi-robotlocalizationto the range-onlySLAM problem

for usein robotaugmentedvirelesssensometworks. The
approachpossesseseveral desirableattributes,to include
corvergenceandperformanceguaranteesaswell asresis-
tanceto signal attenuationand multi-path errors. Based
on empirical dataprovidedin [12], we expectthat a sin-
gle robot could employ it to localizea 100 nodeWSN at
severalhertzusingcurrentPCtechnology

While all simulationswerelimited to a singlerobot,the
approachis distributed and extendsreadily to any num-
ber of mobile agents. Additionally, throughthe useof a
boundederror modelinterdependencies the uncertainty
estimatesrehandledn aprincipledmanner

Significantfuture work is plannedon this topic. To this
point all of our resultshave beenlimited to Matlab simu-
lations. We are currentlyworking with a small setof RF
basedsensomotes,andwill augmentthesewith experi-
mentalwork in thecomingmonths.

Performancémprovementsrom integratingnoncorvex
constraintswere not as significantas hoped. We plan a
moreformal analysisin anattemptto betterleveragethese
additionalconstraints.lt is alsoapparenthatlocalization
performanceds a strongfunction of the robot’s trajectory
As such,we alsoplan to investigatecontrol stratgies for
improving the quality of the positionestimates.

Lastly, we are currently working on extendingthis ap-
proachto the problemof localizing nodesin R3. We en-
vision that sucha schemewould be useful for localizing
sensomotesandteamscomposedf both groundandair
vehicles.
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