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Abstract
Range sensors tendto frustrateestimators relyingupon

linearization techniques. Such approximationsoften lead
to filter divergence, asdemonstratedin [1, 2]. To address
theseshortcomings,weoffer a new approach to range-only
simultaneouslocalizationandmapping(SLAM)for usein
robotaugmentedwirelesssensornetworks.Our approach
findsits rootsin robustestimation,employinganunknown-
but-boundederror modelfor range measurements.How-
ever, it alsoleveragesrecentadvancesin convex optimiza-
tion theory to provide a framework suitablefor real-time
systems. It offers several advantages over alternateap-
proaches,to includeconvergenceand performanceguar-
antees,as well as resistanceto certain measurementout-
liers.

In this paper, wefirst extendour previousresultsin co-
operative localization [3] to the range-only SLAM prob-
lemthroughsemidefiniteprogrammingtechniques.Wethen
demonstrate localization performancein the presenceof
multi-path and signal attenuationerrors associatedwith
WSNrangesensors. Lastly, weinvestigateconvex approxi-
mationtechniquesfor improving localizationperformance.
Samplesimulationsare providedto supportall results.

1 Introduction
Recentadvancesin sensors,embeddeddevices, and

wirelesscommunicationtechnologieshave converged to
enabledistributed micro-sensingthroughwirelesssensor
networks(WSN). In a WSN,eachnodeis capableof sens-
ing phenomena,collectingandprocessingdata,andreport-
ing/routingthesedatabackto adatasink thatin turnrelays
it to amanagernodevia inter-networks[4, 5, 6].

In orderfor a WSN to provide meaningfulinformation
regardingits environment,nodepositionsmustbewell lo-
calized. This is typically accomplishedvia relative range
measurementscollectedat eachnode. To facilitatethe lo-
calization process,the WSN should be fully connected.
Furthermore,eachnodeshouldhave a minimum connec-
tivity degreeof threeor four (allowing for directpositions
estimates),with nodeconnectivity beingassociative. Such
simplifying assumptionsoften appearin roboticsandnet-

workingresearchliterature.Unfortunately, they donotsur-
vive thetestsof reality. Sensornodeswill bedistributedin
a somewhat haphazardfashion. Connectivity will be lim-
ited to within clusterislandsof varyingsizes.Theconnec-
tivity for a givennodecouldbe1 or 2 neighbors,andneed
notbeassociative- makingthepositionestimationproblem
significantlymorecomplex.

The solution then is to introducedynamiccapabilities
into the network. Mobile robotsprovide sucha medium.
Eachcanbeviewedasnothingmorethananoversizedsen-
sor node,but with significantlygreatercomputationalre-
sources,anaugmentedsensorsuite,andtheadditionalde-
greesof freedomaffordedby mobility. By exploiting these,
an augmentedWSN can achieve otherwiseunobtainable
levelsof robustnessandperformance.

The main contribution of this paperis a new approach
for solvingtherange-onlySLAM problem,wherebyateam
of mobilerobotssimultaneousestimatetheirown positions
aswell asthepositionsof WSN nodes.Conceptually, the
ideais that rangemeasurementsinduceconstraintson the
configurationspaceof theWSN.Mergingtheseconstraints
inducesa feasibleseton the configurationspacethat rep-
resentsthe setof nodepositionsconsistentwith all avail-
ablesensormeasurements.Estimatesfor theuncertaintyin
theabsolutepositionof a singlerobot,or therelativeposi-
tions of two or morenodescanbe obtainedby projecting
this feasiblesetontoappropriatelychosensubspacesof the
configurationspace.

Thisschemeoffersseveraladvantagesoveralternateap-
proaches.Rangemeasurementscanbemodeledexactlyby
ellipsoidal constraints. As such, it is not subjectto fail-
uresin convergenceassociatedwith techniquesbasedupon
linearization.It alsoprovidesperformanceguarantees.At
eachtime-step,we maintainan uncertaintyregion for the
positionof eachnodethat is conditionedon all available
sensormeasurements.This uncertaintyregion is guaran-
teedto containthetruenodeposition.

2 Related Work
In ourapproach,robotsmustestimatetheirown position

while simultaneouslylocalizingWSN nodeclusters.This



is known asthe SLAM problemwithin the roboticscom-
munity. SLAM hasbeenwell studiedusingsensorssuchas
laserrange-findersandsonararraysthat candirectly esti-
matethepositionsof featuresin theenvironment[7, 8, 9].
Unfortunatelyin our network model, suchmeasurements
areunavailable. With only relative rangeinformation,the
resulting unobservability makes range-onlySLAM more
difficult, andnotsurprisinglylessstudied.

An extendedKalman Filter (EKF) basedapproachfor
range-onlySLAM wasexaminedin [1]. Due to lineariza-
tion errors,thefilter woulddivergeif beaconpositionswere
not known a priori to someerrortolerance.Anotherrecent
approachexaminedrange-onlymeasurementsfor underwa-
ter SLAM [2]. Theproblemwasmodeledasa non-linear
least-squaresproblem. However, the non-linearproblem
was solved via repeatedsolutionsto a linearizedsystem.
As a result, this approachalso failed to convergewithout
reasonableinitial estimatesof beaconpositions.Theclear
advantageof our methodis that it will converge with no
prior informationasrangemeasurementscanbe modeled
exactly throughquadraticconstraints.

In contrastto Bayesianmethods,our SLAM approach
generatesuncertaintyregions that are guaranteedto con-
tain thetruenodepositionsby employing anunknown-but-
boundederror modelfor sensornoise. Sucherror models
areusedextensively in robust estimation.Early forays in
this field dateback to work by Bertsekas& Rhodes[10]
andSchweppe[11]. However, mostrelatedto ourapproach
is morerecentwork by Doherty& El Ghaoui[12]. In this,
a similar methodrelying uponlinearandsemidefinitepro-
gramming(SDP)techniqueswasusedto estimatethe po-
sitions of nodesin a wirelessnetwork from sensormea-
surementswhen the positionsof someof the nodeswere
known a priori . This wasaccomplishedby boundingthe
feasiblesetwith a rectangle.Suchan approachcanyield
an arbitrarily badestimateof the uncertaintyregion. Our
previous work built uponthis by offering a methodto re-
coverthetrueuncertaintyregionarbitrarilywell. Addition-
ally, throughtheuseof inside-outsideapproximationtech-
niques,we proveda convergencebound[3]. In this paper,
weapplytheseresultsto arange-onlySLAM taskbygener-
alizing to convex constraintsandincorporatinga dynamic
model.Wealsoinvestigatetheperformanceimpactof mea-
surementoutliersandintegratingnonconvex constraintsus-
ing convex approximationtechniques.

Finally, range-basedlocalization strategies have also
beenproposedsimultaneouslywithin thenetworkingcom-
munity [13, 14]. However, theseresultsaretypically appli-
cableto staticallyemplacednetworks.As such,they cannot
overcome”degenerate”configurationswherenodeconnec-
tivity prohibitsclosedform solutions.
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Figure 1: A set of robot or sensornodes located in a 2D
workspace.Theedgesbetweenthenodesindicateavailablesen-
sormeasurements,thatis anedgebetweennodesi andj indicates
that robot i canmeasuretherangeandor bearingto nodej from
its currentposition.

3 The Localization Approach
The basic elementsof the localization framework are

diagrammedin Figure 1. Here a set of robotsor sensor
nodesequippedwith rangesensorsoperateon the plane.
The edgesin the figure indicate available relative mea-
surements,that is an edgebetweennodes

�
and � indi-

catesthat robot
�

can measurethe rangeand or bearing
to node � from its currentposition. Note that the edges
in this graphwill, in general,be directed. Let �������
	
denotethe configurationspaceof our robot team. Let�
� ��������� � � � ����� � 	 � 	 � � denotethe
currentconfigurationof theensemble.Note that � is sim-
ply the concatenationof the coordinatesof the � robots.
Note alsothatwe arepurposelyvagueaboutthe frameof
referenceto which thesecoordinatesare to be measured.
Dependingon what parameterswe aretrying to estimate,
variouschoiceswill bemoreor lessconvenient.Hencewe
deferthis decisionuntil theparameterestimationphase.In
this framework, we assumethatwe canboundtheerror in
the rangemeasurements.Eachsuchmeasurementis then
viewedasaconstrainton thepossiblevaluesof theconfig-
urationvector � .

In previousresearch[3] we notedthatif therobotswere
ableto measuretheir orientationwith respectto acommon
frameof reference,saythroughthe useof a compass,the
bearingandrangemeasurementsinduceasetof linearcon-
straintson the robotsconfiguration � . By concatenating
theseconstraints,we obtaina systemof linear inequalities
of the form �������� , where  � �"!$#&%('*) 	,+ representsthe
sensorconstraints.Implicitly, thematrix � inducesapoly-
tope -.�/� on the configurationspaceof the formation
which correspondsto the setof all configurationsconsis-
tentwith thesensormeasurements.

Onceasetof constraintshasbeenderivedfrom theavail-
ablemeasurements,we canproceedto considerthe prob-



Figure2: A polytopeP in 021 and its 043 projection 5 (shaded
polygon). 5 canbeapproximatedby solvingmultiple linearpro-
grammingproblems- eachyielding an extremepoint 687 on the
polytopeandits supportinghyperplane.Theprojectionsof these
correspondto half-spacesin 0 3 . Intersectingthesegeneratesa
boundingapproximation5:9 to thetrueprojection.

lem of gaugingthe positionsof the robotswith respectto
eachother. Considerfor exampletheproblemof estimating
therelativepositionof node� with respectto node

�
repre-

sentedby the displacementvector ;=<?> . This vectorcanbe
expressedasa linearfunctionof theconfigurationvector �
asfollows: ;=<?> ��@BA >�C A <ED � , where A ' � ���,#F�G	 denotes
thesparseprojectionmatrix thatextractsthecoordinatesof
node H from the configurationvector � in ���G	 . Hence,
we canview theproblemof boundingthis vectorasoneof
gaugingtheprojectionof thesetof feasibleconfigurations
onto the 2D subspacecorrespondingto the displacement
; <?> .

We canboundtheuncertaintyin this displacementvec-
tor by choosingsearchdirectionsparallel to the subspace
of interestandboundingtheextentof thefeasibleregion in
thosedirections.Thisamountsto findingboundsfor objec-
tive functionsof the form shown in Equation1 given the
constraintsderivedfrom themeasurements.

IKJMLONPLRQTSUN V ; <?> � I�JWLONPLEQ?SUN V @XA > C A < D � (1)

Figure 2 depictsthe situationwhen the constraintsare
all linearand,therefore,convex. Figure3 depictsthemore
generalsituationwherethe feasibleregion andits projec-
tion neednot beconvex or evenconnected.In eithercase,
thegoalof the localizationschemeis to producea convex
polyhedralapproximationwhich boundsthe projectionof
all feasibleconfigurationsand,hence,boundsthedisplace-
mentvector.

In thecasewhereall theconstraintsareconvex, wehave
describeda procedurefor selectingthe searchdirections
in a mannerwhich guaranteesthat the disparity between

Xj - Xi

Yj - Yi

Figure3: A convex approximationfor thefeasiblesetof displace-
ments(thedarkregion)canbeobtainedby boundingtheits extent
alongvarioussearchdirections.Theintersectionof theresulting
half planesdefinesa convex polytope(thelight grayarea)which,
by construction,enclosesthefeasibleset.

our convex approximationandtheactualprojectionof the
feasibleregion diminishesat therateof

�YXZ , where [ corre-
spondsto thenumberof searchdirectionsusedto boundthe
approximation.Interestingly, thisconvergenceboundis in-
dependentof thenumberof constraints(see[3] for details).
In thegeneralcasewherethesetof feasibleconfigurations
is not convex, a convex approximationof its projectionis
readilyconstructedby simply choosinga setof uniformly
spacedsearchdirections.

3.1 Modeling Range Constraints
Figure4 depictsthe annulusof feasibleconfigurations

inducedby rangeconstraintson therangebetweennodes
�

and � . The constraintsinducedby a boundederror range
measurementcanbe expressedquite simply [12] in terms
of theconfigurationvector � . Herewe againnotethat the
vectordisplacementbetweennodes

�
and � , ; <?> canbeex-

pressedasalinearfunctionof theglobalconfigurationvec-
tor � . i.e. ; <T> �\@BA > C A < D � . If ]_^<T> and ]a`<T> respectively
denotetheupperandlower boundson therangemeasure-
ment,we canderive two quadraticconstraintsasfollows:

; V<?> ; <?> �b� V @BA > C A < D V @XA > C A < D � � @ ],^<?> D � (2)

; V<?> ; <?> �b� V @BA > C A < D V @XA > C A < D � c @ ] `<?> D � (3)

Notethat theupperboundconstraintshown in Equation
2 is a convex function of � while the lower boundcon-
straint in Equation3 is concave. The former canbe inte-
grateddirectly into our localizationframework [3] by re-
placingthelinearprogrammingproblemwith a moregen-
eralizedsemidefiniteprogram. Exploiting the latter con-
straint is lesstrivial. However, in [15] we observed that
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Figure4: Rangemeasurementswith boundederrorconstrainthe
distancebetweentwo nodesd ande .

convex relaxationsexists thatcouldprovide usefulbounds
on thefeasiblesolutions.This relaxationessentiallycorre-
spondsto tackling the Lagrangiandualof the original op-
timization problem. Theseconvex relaxationscanalsobe
formulatedassemidefiniteprogramswhich meansthatwe
can still take advantageof the efficient solution schemes
developedfor thisclassof problems.

3.2 Extending to Dynamic Operations

The motivation for range-onlySLAM is the unobserv-
ability of sensorpositionsfrom a limited numberof mea-
surements.In an attemptto provide intuition into the ap-
proach,considertheexamplein Figure5 in which a robot
(blue triangle)attemptsto localizethepositionof a single
sensornode.With oneobservation(usingtheconvex con-
straint),thenodepositionis only constrainedto lie within a
circularuncertaintyregion (a). Whenthedistancebetween
therobotandsensornodeis large,suchanestimateby itself
provideslittle informationfor approximatingthenode’spo-
sition. However, let us assumethat the robot moves(for
now) without motionerrorandreceivesa new rangemea-
surement. A new constraintset which implicitly bounds
the node’s position can then be formed by merging the
posteriorpositionestimatewith this new sensormeasure-
ment(b). Recoveringtheprojectionestimateat time fhgji
thenprovidesa refinedboundson thenode’sposition.The
processthenrecursively iterates,eventuallyyieldinguseful
boundsfor thepositionof thesensornode.

Now considerthe more realistic casewhererobot po-
sition estimatesarealsosubjectto deadreckoning errors.
If theseerrorscan be boundedacrossa single time step,
thecorrespondinguncertaintycanalsobemodeledby a fi-
nite setof convex constraintsthat relatethe robot’s posi-
tion �Ok with its futurepositionat time �lk ^ � . Thesemotion
constraintscanthenbemergedwith theposteriorandnew
rangemeasurementsto refinethe projectionestimatesfor
both the robot andsensornodesover time. What is com-
pellingaboutsuchanapproachis thatthenew positionesti-
matesaresimultaneouslyconditionedon theuncertaintyin

Figure5: Localizationof a sensornodeacrosstwo time steps.
Boundson robotmotionerrorallows theuncertaintyin nodepo-
sition to berefinedover time.

prior estimates,robotmotion,andcurrentsensorestimates.
For a moreformal treatmentof thefiltering algorithm,the
readeris referredto [15].

4 Experimental Results
To characterizetheperformanceof ourSLAM approach,

severalflavorsof simulationswereconducted:usingpurely
convex constraints,using convex constraintsin the pres-
enceof measurementoutliers,andusingboth convex and
nonconvex constraints.In each,asinglerobotwascharged
with estimatingits own positionwhile simultaneouslylo-
calizing a setof WSN nodesrandomlydistributedon the
plane.To accomplishthis, therobotexploredtheWSN by
makinga figure-eighttrajectoryoncethroughtheenviron-
ment.Deadreckoningerrorboundsfor eachtimestepwere
basedupona velocity error m�; �onqpar pWs ; andheadinger-
ror m N �tnqsvu . Theseweremodeledby a setof four linear
constraints.Filter measurementupdatesoccurredat a rate
of 1 Hz.

4.1 Range-only SLAM Using Convex Constraints
In the initial experiments,our objective wasto demon-

stratethe viability of range-onlySLAM usingsolely con-
vex constraints.Rangeerrorsweregeneratedfrom a uni-
form distribution with a magnitudeof nqpar w timesthe true
range,and projectionestimates(correspondingto uncer-
tainty regions in node positions)were approximatedby
considering12searchdirectionson theplane.

A representative trial is shown at Figure6, andreflects
theevolutionof theuncertaintyregionsover time. Theini-
tial robot/WSNpose(a)alsoreflectstheavailablemeasure-
mentlinks betweensensornodes.The low degreeof con-
nectivity preventsaclosedform solutionfor estimatingthe
nodepositions.However, overtimetheuncertaintyregions
developastherobotexplorestheenvironment(b-c). After
a single exploratory loop (d), the uncertaintyregionsare
well definedandarecapableof providing reasonablepoint
estimatesfor nodepositions.

While theseresultsare strongly tied to the simulation
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Figure6: A simulationtrial showing the initial network configu-
ration(a), andtheevolution of SLAM estimatesover time (b-d).
Polyhedraboundthe uncertaintyregions guaranteedto contain
the robot/nodepositions. Actual nodepositionsaredenotedby
circles,andthepolyhedracentroidsby stars.

parameters,they clearlydemonstratetheability of our ap-
proachto provideusefulpositionestimatesaswell asquan-
tifying thedegreeof uncertaintyassociatedwith eachesti-
mate.

4.2 Convergence in the Presence of Measurement
Outliers

To demonstrateconvergencein thepresenceof outliers,
simulation trials were also conductedwhere rangemea-
surementssuffered from the effects of signal attenuation
andmulti-patherrors.Eachmeasurementwaschosenasan
outlierwith aprobabilityof 0.25.Thosesodesignatedwere
overestimatedby 50-100%(astakenfrom auniformdistri-
bution). Unmodelederrorsof this magnitudehave signifi-
cantimpactson traditionalfilter estimates,andpotentially
leadto filter divergence.In our approach,suchoutliersare
accommodatedgracefully.

A total of 10 simulationswereconductedwherea sin-
gle robot was charged with estimatingits own position
while simultaneouslylocalizing a setof 6-12 WSN nodes
randomly placedon the plane. In addition to outliers,
rangemeasurementswerecorruptedwith randomerrorsofnqpar w times the actualrange. Projectionestimatesfor the
robot/nodeswere constructedby considering8-12 search
directionsin theplane.

As expected,no instancesof filter divergencewereob-
servedduringthesetrials. Sinceeachmeasurementupdate
in the SLAM filter is effectively a set intersection,such
outliers cannotadverselyaffect the currentposition esti-
mates.Instead,they cancausethe filter to convergemore
slowly. In anattemptto quantifythis,eachsimulationwas

run with andwithout measurementoutliers. A representa-
tive trial from theseis shown at Figure7. Theneteffectof
theoutlierswasto increasethemeanareaof theuncertainty
regionsby 10%over thecourseof simulations.

It mustbementionedthatwhile ourapproachofferspro-
tectionagainstoutlierswhich overestimaterangemeasure-
ments,unmodeledunderestimatescould result in filter di-
vergence.In thepresenceof suchoutliers,additionaltests
for robustnesssuchaschi-squaredtechniquesfor individ-
ual measurementrejection,or a RANSAC basedapproach
for modelrejection[16] wouldneedto beincorporated.

Figure 7: A simulationtrial showing SLAM performancewith
(dottedlines)andwithout(solidlines)measurementoutliers.Out-
liers failedto causefilter divergence,but resultedonaveragein an
11%increasein thesizeof theuncertaintyregions.

4.3 Integrating Non-convex Constraints

In the final simulationphase,we attemptedto empiri-
cally quantify theeffectsof incorporatingnonconvex con-
straintson SLAM performance.For purposesof compari-
son,eachtrial wasrun usingpurelyconvex aswell ascon-
vex andnon-convex rangeconstraintscombined.Further-
more, threedifferentboundson rangeerrorswereexam-
ined: mx] �ypzr p i,{ pzr i p , andpar wWp timestheactualrange.

A total of 30 trials wereconducted,with additionalpa-
rametersconsistentwith thoseusedin previous simula-
tions. To comparethe resultsquantitatively, we computed
theareasof theprojectionapproximationsreturnedby the
procedurefor eachsetof simulationparameters.Thesear-
easprovide an indicationof how effective the constraints
are at narrowing down the set of feasibleconfigurations.
Largerareascorrespondto greateruncertainty. A represen-
tative trial for dr=0.01is shown at Figure8. A summary
analysisis providedatTable1.

While preliminary, theseresultsimply that significant
performanceimprovementsfrom approximatingthe non-
convex constraintswill only be seenfor small rangeer-
ror bounds. This contrastswith our previous findings in
static localization performance,where improvementsof
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Figure8: SimulationresultscontrastingSLAM performanceus-
ing purely convex (solid lines) andboth convex andnonconvex
constraints(dottedlines). In this trial, the meanprojectionarea
wasreducedby 12%in thelattercase

30% werethe norm [15]. However, in thesetrials two or
morenodepositionswereassumedknown a priori . Such
an assumptionis invalid for the SLAM problem. In hind-

Error Bound Area(Convex/Nonconvex)

dr=0.01 1.121

dr=0.10 1.020

dr=0.20 1.002

Table1: Theimpactintegratingnonconvex constraints.For these
simulations,a significantimprovementin performancewasonly
seenin thecaseof smallrangeerrors.

sight,theseresultsarenotcompletelyunexpected.As min-
imumrangeconstraintsarecompletelyconcave,convex ap-
proximationsof thesecanprovide no initial improvements
in localizationperformance.It is only whentheuncertainty
regionsfor thenodepositionsbegin to form that the inter-
sectionof thecorrespondinglinearconstraintsetswith the
concave constraintscanbenefitfrom a convex approxima-
tion. Unfortunately, by this time uncertaintyin therobot’s
positionhasaccumulatedandtemperstheir utility.

Again, we emphasizethat thesefindings are prelimi-
naryandextremelydependentuponthesimulationparam-
eterschosen. We will continueto investigatethis topic
more thoroughly in the near future. At this point how-
ever, it appearsthattheadditionalcomputationalresources
expendedin integratingnon-convex constraintswould be
morewisely spentby refining the convex projectionesti-
mateswith additionalsearches.

5 Discussion and Conclusions
In this paper, we extendedour results in cooperative

multi-robot localizationto the range-onlySLAM problem

for usein robotaugmentedwirelesssensornetworks. The
approachpossessesseveral desirableattributes,to include
convergenceandperformanceguarantees,aswell asresis-
tanceto signal attenuationand multi-path errors. Based
on empirical dataprovided in [12], we expect that a sin-
gle robot could employ it to localizea 100 nodeWSN at
severalhertzusingcurrentPCtechnology.

While all simulationswerelimited to a singlerobot,the
approachis distributed and extendsreadily to any num-
ber of mobile agents. Additionally, throughthe useof a
boundederror modelinterdependenciesin the uncertainty
estimatesarehandledin a principledmanner.

Significantfuturework is plannedon this topic. To this
point all of our resultshave beenlimited to Matlab simu-
lations. We arecurrentlyworking with a small setof RF
basedsensormotes,andwill augmentthesewith experi-
mentalwork in thecomingmonths.

Performanceimprovementsfrom integratingnonconvex
constraintswere not as significantas hoped. We plan a
moreformal analysisin anattemptto betterleveragethese
additionalconstraints.It is alsoapparentthat localization
performanceis a strongfunction of the robot’s trajectory.
As such,we alsoplan to investigatecontrol strategiesfor
improving thequality of thepositionestimates.

Lastly, we arecurrentlyworking on extendingthis ap-
proachto the problemof localizing nodesin ��| . We en-
vision that sucha schemewould be useful for localizing
sensormotesandteamscomposedof bothgroundandair
vehicles.
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